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JT deformed CFT2 and String Theory
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We study two dimensional conformal field theory with a left-moving conserved current
J , perturbed by an irrelevant, Lorentz symmetry breaking operator with the quantum
numbers of JT , using a combination of field and string theoretic techniques. We show
that the spectrum of the theory has some interesting features, which may shed light on
systems of interest for holography and black hole physics.
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1. Introduction
Consider a two dimensional conformal field theory (CFT2), which contains a conserved
left-moving U(1) current1 J(x). Now, deform the theory by adding to its Lagrangian the
term
Lint = µJ(x)T (x), (1.1)
where T is the anti-holomorphic component of the stress-tensor, T = Txx. More precisely,
(1.1) is the form of the deformation for small µ; we will describe the form at finite µ later.
In particular, we will argue that one can define the theory in such a way that at every point
in the space of theories labeled by µ (1.1), there is a holomorphic current J(x) that satisfies
∂xJ(x) = 0, and changing µ by an infinitesimal amount δµ corresponds to adding to the
Lagrangian an infinitesimal version of (1.1), δLint = δµJ(x)T (x), where the operators J ,
T are defined in the theory with coupling µ.
Superficially, the theory (1.1) is problematic. The coupling µ has left and right-moving
scaling dimension (0,−1); hence, the theory is not Lorentz invariant. Moreover, since µ
has negative mass dimension, it goes to zero in the IR and grows in the UV. Thus, the
description (1.1) corresponds to a flow up the RG, which is usually ill-defined.
There are reasons to believe that in the case (1.1) the situation is better. The authors
of [1,2] analyzed the analogous model of TT deformed CFT2, found that it is exactly
solvable, and computed the spectrum on a cylinder (see also [3-5] for earlier work). This
model and closely related ones were further discussed in [6-23].
In a sense, the model (1.1) is an intermediate case between TT deformed CFT2 and
a model with left and right-moving currents J(x), J(x), with the marginal deformation
Lint = λJ(x)J(x). The latter preserves both (left and right-moving) copies of Virasoro,
and the left and right-moving U(1) affine Lie algebras generated by J and J , respectively.
The former breaks both copies of Virasoro to the U(1)’s corresponding to translations.
As we will discuss, the model (1.1) preserves the left-moving Virasoro, as well as the
left-moving affine Lie algebra. The right-moving Virasoro symmetry is broken to a U(1)
corresponding to translations of x.
In a recent paper [11], Guica studied JT deformed CFT2 following the analysis of
[1,2] of the TT deformation. In particular, she analyzed the spectrum of the theory on a
1 We will label the (Euclidean) space on which the theory lives by complex coordinates x, x.
The conservation equation for the current J is thus ∂xJ = 0.
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cylinder. In this note we will revisit this model and discuss its connection to holography.
We will study the single trace JT deformation, generalizing the analysis of [7,9,12,22] of
the TT deformation to this case. The double trace version was studied in [19].
In the holographic context, our discussion is relevant to many of the basic examples
of the AdS3/CFT2 correspondence, such as AdS3 × S3 × T 4, AdS3 × S3 × S3 × S1, and
more general examples, such as those of [24,25].
Consider, for example, the background AdS3 × S3 × T 4 in type IIB string theory.
It is obtained by studying the near-horizon geometry of k NS5-branes wrapped around
S1×T 4 and N fundamental strings wrapped around S1. The T 4 factor in the background
corresponds to the space along the fivebranes and transverse to the strings, while the S3
corresponds to the angular directions in the space transverse to both the strings and the
fivebranes.
As discussed in [26,27], the boundary CFT that corresponds to string theory in this
background contains SU(2) × U(1)4 left and right-moving affine Lie algebras. The first
factor comes from the isometries of the S3; the second is associated with momentum and
winding on the T 4. We can take the U(1) current J(x) that figures in the construction
(1.1) to be either a U(1) subgroup of SU(2)L or one of the left-moving U(1)’s associated
with the T 4.
An important difference between the two has to do with supersymmetry. The original
AdS3×S3×T 4 background preserves (4, 4) superconformal symmetry. If we take the U(1)
current J(x) in (1.1) to come from the S3, the perturbation breaks SUSY to (0, 4), since in
that case the current J(x) is a bottom component of a superfield (it is an R-current). On
the other hand, if we take the current to be one of the U(1)’s associated with the T 4, the
deformation (1.1) preserves (4, 4) SUSY (but, as mentioned above, not the right-moving
conformal symmetry).
Another important issue in the context of holography is the existence of two versions
of the deformation (1.1), associated with single and double trace deformations. It appeared
already in the TT case [7,9], and will play a role in our discussion here as well. Therefore,
we next briefly review it.
One way to introduce this issue is the following. Consider a CFT2 that has the
symmetric product form MN/SN , where M is a CFT2 which we will refer to as the
building block (or block, for short), of the symmetric product. In this theory there are
two natural TT deformations. Denoting by Ti, T i, i = 1, · · · , N , the (anti) holomorphic
stress-tensors of the i’th copy ofM, the stress tensors of the symmetric product CFT are
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T =
∑
i Ti and T =
∑
i T i, and the two deformations are TT and
∑
i TiT i. The first is the
TT deformation of the full, symmetric product, theory; the second is the TT deformation
of the block M.
If we now take the block M to have a left-moving conserved current J(x), we can
repeat the discussion of the previous paragraph for the deformation (1.1). There are again
two different deformations of this type – the JT deformation of the full, symmetric product,
CFT, and the JT deformation of the block M.
The boundary CFT corresponding to string theory on AdS3 is not quite a symmetric
product CFT , however, it is closely related to one. For the purpose of our discussion, it
is useful to note two things. The first is that, like in the symmetric product theory, string
theory on AdS3 has two different TT (and similarly JT ) deformations. For the TT case,
this was discussed in [7,9]. For JT one can proceed similarly.
One deformation is obtained by using the vertex operators for J(x) and T (x) [27],
and multiplying them, as in (1.1). Since each of these operators is given by an integral
over the worldsheet, the resulting deformation is a product of two such integrals, i.e. it is a
double trace deformation. The second deformation corresponds to adding to the spacetime
Lagrangian the operator given by eq. (6.5) in [27]. This is a supergravity mode and, from
the boundary point of view, a single trace deformation.
These two operators appear to be very similar to the two different JT operators
described above for the symmetric product. This resemblance is part of a much richer
story about the relation between string theory on AdS3 and symmetric products of the
sort described above (see e.g. [28,29]). This leads us to the second observation.
The background corresponding to the boundary CFT in its Ramond sector (i.e. with
unbroken supersymmetry on the cylinder), is obtained by replacing AdS3 by theM = J = 0
BTZ black hole. The strings and fivebranes that create the background are mutually
BPS in this case. Thus, their potential is flat. This means that there is a continuum of
states corresponding to strings moving radially away from the fivebranes. These states are
described by a symmetric product, as in matrix string theory [30,31].
Therefore, in this sector of the Hilbert space, we expect the symmetric product picture
to be correct (with the degree of the permutation group, N , being the number of strings
creating the background), and the deformation given by eq. (6.5) in [27] to be just the JT
deformation in the block M corresponding to the CFT associated with one string. Thus,
by studying the spectrum of string theory deformed by the operator (6.5) in [27], we can
get information about the spectrum of JT deformed CFT2. One of our goals in this paper
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is to analyze the spectrum of string theory in the above background, and match it to that
of JT deformed CFT.
The plan of this paper is as follows. In section 2, we review some aspects of string
theory on AdS3, including the worldsheet sigma model Lagrangian, its representation in
terms of Wakimoto variables, the current algebra that governs the theory, and some of
its representations that play an important role in the discussion. We also describe the
construction of vertex operators that correspond to the holomorphic stress tensor and
current algebra generators, and the operators we use for perturbing the theory in later
sections.
In sections 3–5, we discuss the deformation of string theory on AdS3 × S1 by the
operator given by eq. (6.5) in [27]. This deformation is marginal on the worldsheet but
irrelevant in spacetime. The perturbing operator has spacetime scaling dimension (1, 2);
hence, the corresponding coupling is irrelevant, and breaks Lorentz symmetry. We describe
the sigma model of string theory in this background, the semiclassical quantization of this
sigma model, and its exact quantization. This leads to a formula for the energies of states
in the theory as a function of the above coupling.
In section 6, we study the problem from a field theoretic point of view. We argue
that the theory (1.1) can be defined such that throughout the RG flow there exists a
holomorphic U(1) current J(x), and a holomorphic stress tensor T (x). The spectrum of
the resulting theory agrees with that found in string theory. In section 7, we summarize
our main results and discuss possible extensions of this work. Two appendices contain
results relevant for the analysis.
Note added: after this work was completed, we learned of the related work [32].
2. Review of string theory on AdS3
In this section we briefly review some aspects of string theory on AdS3 that will be
relevant for our discussion below. We mostly discuss the technically simpler bosonic string,
although all the applications we have in mind are in the superstring. The generalization of
the formulae below to that case, as well as a more detailed discussion of the bosonic case,
appear in [26,27].
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The worldsheet theory on AdS3 is described by the WZW model on the SL(2, IR)
group manifold. This model has an affine SL(2, IR)L × SL(2, IR)R symmetry; we will
denote the left and right-moving currents by JaSL(z) and J
a
SL(z), a = 3,± , respectively.2
The level of the worldsheet current algebra, k, determines many properties of the
model. In the bosonic case, the central charge of the worldsheet CFT is given by c =
3k/(k − 2). As k →∞, the central charge goes to three, and the worldsheet sigma model
on AdS3 becomes weakly coupled. The radius of curvature of anti de Sitter space is given
by RAdS =
√
kls, where ls =
√
α′ is the string length.
The Lagrangian of the WZW model on AdS3 is given by
L = 2k (∂φ∂φ+ e2φ∂γ∂γ) , (2.1)
where φ labels the radial direction of AdS3 and γ and γ are complex coordinates on the
boundary of AdS3. The background (2.1) contains both the anti-de-Sitter metric, and a
B-field, Bγγ ∼ e2φ. The dilaton is constant.
In studying the sigma model on AdS3, (2.1), it is convenient to introduce the auxiliary
complex variables (x, x), [33,34]. These variables are especially useful in string theory,
where they become the coordinates on the base space of the boundary CFT2.
In terms of these auxiliary variables, the SL(2, IR)L currents can be assembled into a
single object JSL(x; z),
JSL(x; z) = 2xJ
3
SL(z)− J+SL(z) − x2J−SL(z), (2.2)
and similarly for the right-moving currents. The SL(2, IR)L affine Lie algebra can be
written as
JSL(x; z)JSL(y;w) ∼ k (y − x)
2
(z − w)2 +
1
z − w
[
(y − x)2∂y − 2(y − x)
]
JSL(y;w). (2.3)
A natural set of primaries of the current algebra corresponds to eigenstates of the Laplacian
on AdS3, Φh(x, x; z, z), which take the form
Φh(x; z) =
1
π
(
1
|γ − x|2eφ + e−φ
)2h
. (2.4)
2 In the literature, the SL(2, IR)L × SL(2, IR)R currents are usually denoted by J
a(z), J
a
(z).
We will use a different notation to distinguish them from the spacetime current J(x) below.
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In the quantum theory, these operators give rise to primaries of the worldsheet Virasoro
algebra, with scaling dimension ∆h = ∆h = −h(h − 1)/(k − 2). They are also primaries
of SL(2, IR)L × SL(2, IR)R, with
J(x; z)Φh(y, y;w,w) ∼ 1
z − w
[
(y − x)2∂y + 2h(y − x)
]
Φh(y, y;w,w), (2.5)
and similarly for the right-movers.
The relation between (x, x) and position on the boundary can be made explicit by
studying the behavior of the primaries (2.4) near the boundary, i.e. as φ→∞. One has
Φh =
1
2h− 1e
2(h−1)φδ2(γ − x) +O
(
e2(h−2)φ
)
. (2.6)
Thus, operators containing Φh in string theory on AdS3 give rise to local operators in the
dual CFT2.
The Lagrangian (2.1) is difficult to analyze near the boundary of AdS3, φ → ∞. To
study that region, it is convenient to introduce new worldsheet fields (β, β) and rewrite
the Lagrangian in the Wakimoto form [35-37],
L = 2k(∂φ∂φ+ β∂γ + β∂γ − e−2φββ). (2.7)
Integrating out β and β gives back the Lagrangian in eq. (2.1).
Rescaling the fields and treating carefully the measure of the path integral, the La-
grangian (2.7) takes the form
L = ∂φ∂φ+ β∂γ + β∂γ − exp
(
−
√
2
k − 2φ
)
ββ −
√
2
k − 2 R̂φ, (2.8)
where R̂ is the worldsheet curvature; the last term in (2.8) indicates that in the Wakimoto
formulation the dilaton depends linearly on φ. The string coupling goes to zero as φ→∞
like gs ∼ exp
(
−
√
1
2(k−2)φ
)
. The interaction term in (2.8) goes to zero as well. Thus, near
the boundary, the Wakimoto Lagrangian becomes free. This is useful for calculations, and
we will use the Wakimoto description below.
String theory on AdS3 is dual to a CFT2; hence, it contains an operator T (x) that
gives rise to the holomorphic stress-tensor of the dual CFT. This operator was constructed
in [27]; it has the form
T (x) =
1
2k
∫
d2z(∂xJSL∂xΦ1 + 2∂
2
xJSLΦ1)JSL(x; z). (2.9)
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This operator can be thought of as the vertex operator of a particular, almost pure gauge,
mode of the graviton-dilaton system on AdS3. It is holomorphic on the boundary (i.e.
∂xT = 0), has spacetime scaling dimension (2, 0), and satisfies the standard OPE algebra
of the stress tensor in the spacetime CFT. Flipping all the chiralities in (2.9), (x, z, JSL)↔
(x, z, JSL), gives the anti-holomorphic component of the stress tensor, T (x).
As discussed in [27,7], the above worldsheet construction leads to two natural operators
with the quantum numbers of TT . One is the product of the vertex operator for T , (2.9),
and the analogous one for T . This is a double trace operator – the product of two integrals
over the worldsheet. A second one is the vertex operator
D(x, x) =
∫
d2z(∂xJSL∂x + 2∂
2
xJSL)(∂xJSL∂x + 2∂
2
xJSL)Φ1(x; z). (2.10)
This operator transforms under the left and right-moving boundary Virasoro symmetries
generated by T (x) and T (x) as a quasi-primary operator of dimension (2, 2); its OPE’s
with T and T are the same as that of TT , but the two operators are distinct. D(x, x) is a
single trace operator – it is a massive mode of the dilaton gravity sector of string theory
on AdS3. As shown in [7], adding this operator to the Lagrangian of the boundary theory
is the same as adding the operator J−J
−
to the Lagrangian of the worldsheet theory.
This perturbed theory was studied in detail in [7,9,12,13,22]. On the other hand, adding
the operator TT to the Lagrangian of the boundary theory corresponds to a double trace
deformation; it was studied in [6,10,14-21].
In a string background of the form AdS3×N , holomorphic currents in the worldsheet
theory on N give rise to holomorphic currents in the dual CFT [26,27]. Given a holo-
morphic dimension (1, 0) worldsheet U(1) current K(z), one can construct a holomorphic
dimension (1, 0) spacetime U(1) current3
J(x) = −1
k
∫
d2zK(z)JSL(x; z)Φ1(x, x; z, z). (2.11)
Multiplying this vertex operator by that of T (x) (the anti-holomorphic analog of (2.9))
gives rise to a double trace deformation of the boundary CFT, analogous to the TT one
discussed above.
Just like in that case, there is a single trace analog of the operator JT ,
A(x, x) =
∫
d2zK(z)(∂xJSL∂xΦ1 + 2∂
2
xJSLΦ1). (2.12)
3 Not to be confused with the worldsheet current JSL(x; z) (2.2).
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Using the techniques of [27] one can show that this operator has dimension (1, 2) in the
boundary theory and it transforms under the affine Lie algebra generated by J(x) (2.11)
and under Virasoro like the operator JT . As explained in [27], this operator is not JT
since the latter is a double trace operator and (2.12) is a single trace one. As mentioned in
the previous section, the relation between the two is similar to that between the operators∑N
i,j=1 JiT j and
∑N
i=1 JiT i in the symmetric product CFT MN/SN .
In this paper we will study the theory obtained by adding to the Lagrangian of the
boundary theory the operator (2.12). This is an analog of the deformation (2.10) for the
JT case. In the TT case, it was shown in [7] that adding D(x, x) to the Lagrangian of
the boundary theory is equivalent to adding the operator J−SLJ
−
SL to the Lagrangian of the
worldsheet theory. One can repeat the calculation for the JT case, and find∫
d2xA(x, x) ≃
∫
d2zK(z)J
−
SL(z). (2.13)
Thus, adding the operator A(x, x) to the Lagrangian of the boundary theory is equivalent
to adding the operator KJ
−
SL to the worldsheet Lagrangian. In the next section we turn
to an analysis of this deformation.
3. KJ
−
SL deformation I – worldsheet sigma model
In this section we discuss string theory on AdS3 × S1, deformed by adding to the
worldsheet Lagrangian the operatorK(z)J
−
SL(z) (see (2.13)). HereK(z) is the holomorphic
current associated with the left-moving momentum on S1. We denote the coordinate on
S1 by y, such that
K(z) = i∂y. (3.1)
J
−
SL is the SL(2, IR)R current discussed in the previous section.
We are interested in studying the boundary theory on the cylinder with SUSY pre-
serving boundary conditions, which is dual to the BTZ black hole with M = J = 0. To
construct the background of interest, we start by recalling some properties of the sigma
model on massless BTZ×S1 (see e.g. [38]).
An element g ∈ SL(2, IR) can be parameterized in Poincare´ coordinates as
g =
(
1 0
γ 1
)(
eφ 0
0 e−φ
)(
1 γ
0 1
)
=
(
eφ γeφ
γeφ e−φ + γγeφ
)
. (3.2)
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The WZW action on SL(2, IR)× U(1), S = S[g, y], takes the form4
S =
k
2π
∫
d2z
(
∂φ∂φ+ e2φ∂γ∂γ +
1
k
∂y∂y
)
. (3.3)
This action has an affine SL(2, IR)L × SL(2, IR)R × U(1)L × U(1)R symmetry, where the
level of SL(2, IR)L,R is k. The massless BTZ black hole is obtained by compactifying the
spatial coordinate γ1 on the boundary, defined as
γ = γ1 + γ0 , γ = γ1 − γ0 , (3.4)
on a circle of radius R,
γ1 ≃ γ1 + 2πR . (3.5)
We are interested in a deformation of (3.3) by the marginal operator
δS = − ǫ
π
∫
d2zKJ
−
SL. (3.6)
To first order in ǫ, the deformed action is given by
S(ǫ) =
k
2π
∫
d2z
(
∂φ∂φ+ e2φ∂γ∂γ + 2ǫe2φ∂y∂γ +
1
k
∂y∂y
)
; (3.7)
the dilaton remains constant.
In general one expects higher order corrections in ǫ, however, one can check that in this
case the background (3.7) is an exact solution of the β-function equations to leading order
in α′ (i.e. in the gravity approximation). In the type II superstring, there are no higher
order corrections in α′, due to the fact that the background preserves (2, 2) worldsheet
supersymmetry [39].
Some additional properties of the background (3.7) are:
(1) Upon dimensional reduction along the y direction,5 one obtains the null warped AdS3
background discussed in [40-42],
ds2 = k
(
dφ2 + e2φdγdγ − ǫ2e4φdγ2) , (3.8)
with a gauge field, Aγ = 2
√
kǫe2φ, and a B-field, Bγγ = ke
2φ/2.
4 See e.g. [26].
5 Or in the heterotic string, if K(z) is taken from the chiral internal space.
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(2) The geometry of the background (3.7) has no curvature singularity and, in particular,
the scalar curvature is an ǫ-independent constant, R ≃ −1/k.
(3) The worldsheet theory (3.7) has an affine SL(2, IR)L × U(1)R,null × U(1)L × U(1)R
symmetry; the SL(2, IR)R symmetry of (3.3) is broken to U(1)R,null, associated with
translations of γ, while the other affine symmetries of the original WZW model are
preserved along the deformation line (3.6).
Rescaling φ, γ, γ by 1/ℓ, y by 1/ℓs, and ǫ by ℓs/ℓ, with
ℓ =
√
kℓs; ℓs =
√
α′, (3.9)
the action takes the standard form for a closed string with a cylindrical worldsheet,
parametrized by τ and σ ≃ σ + 2π:
S = 1
2πα′
∫
d2z
(
∂φ∂φ+ e
2φ
ℓ ∂γ∂γ + 2ǫe
2φ
ℓ ∂y∂γ + ∂y∂y
)
, (3.10)
where z = 1√
2
(τ + σ), z = 1√
2
(τ − σ) and ∂ = 1√
2
(∂τ + ∂σ), ∂ =
1√
2
(∂τ − ∂σ).
In the next two sections we will study the spectrum of string theory in the background
(3.10), first semiclassically (in the next section), and then exactly (in the following one).
4. KJ
−
SL deformation II: semiclassical analysis of the spectrum
In this section, as a warmup exercise towards an exact evaluation of the spectrum in the
next section, we will perform a semiclassical calculation of the spectrum. In particular, we
will take the level k to be large, and perform a semiclassical quantization of the Lagrangian
(3.10), keeping only contributions of zero modes.
Thus, we consider a short string, that is located at a particular φ and carries momen-
tum Pφ in the φ direction, energy E conjugate to γ0, momentum P conjugate to γ1 (see
(3.4)), and momentum and winding ny and my in the y direction.
At large k and φ → ∞, we expect the semiclassical result to match the contribution
of the zero modes to the exact dispersion relation, which can be obtained by studying the
scaling dimensions of vertex operators in the worldsheet CFT.
The conjugate momentum densities for the fields (φ, γ, γ, y) are given by
Πφ =T φ˙,
Πγ =
1
2
Te
2φ
ℓ (γ˙ + γ′) + Tǫe
2φ
ℓ (y˙ + y′),
Πγ =
1
2
Te
2φ
ℓ (γ˙ − γ′),
Πy =Tǫe
2φ
ℓ (γ˙ − γ′) + T y˙,
(4.1)
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where dot and prime denote derivatives with respect to τ and σ, respectively, and T = 12piα′
is the string tension.
The worldsheet Hamiltonian,
H =
1
2π
∫ 2pi
0
dσH, (4.2)
is obtained from the Hamiltonian density
H =Πφφ˙+Πγ γ˙ +Πγ γ˙ +Πyy˙ −L
=Πγγ
′ − (γ′ + 2ǫy′)Πγ + 2e
− 2φ
ℓ
T
ΠγΠγ +
1
2T
(Πy − 2ǫΠγ)2 + Ty
′2
2
+
Π2φ
2T
+
1
2
Tφ′2.
(4.3)
The worldsheet momentum is given by
p =
1
2π
∫ 2pi
0
dσP, (4.4)
in terms of the momentum density
P = Πφφ′ +Πγγ′ +Πγγ′ +Πyy′. (4.5)
The spacetime quantum numbers are given by∫ 2pi
0
dσΠγ = −EL
R
,∫ 2pi
0
dσΠγ =
ER
R
,∫ 2pi
0
dσΠy =
ny
Ry
,∫ 2pi
0
dσΠφ = Pφ,
(4.6)
and 6 ∫ 2pi
0
dσγ′ =
∫ 2pi
0
dσγ′ = 2πwR,∫ 2pi
0
dσy′ = 2πmyRy,∫ 2pi
0
dσφ′ = 0,
(4.7)
6 Here and below, w.l.g. we take w to be positive.
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where
EL =
R
2
(E + P ) ,
ER =
R
2
(E − P ) .
(4.8)
Apart from Pφ, all the charges in (4.6) – (4.8) are conserved.
The contribution of the zero modes of the string to the worldsheet energy H, (4.2),
which we denote by ∆ +∆, is thus
∆ +∆ =− w(EL + ER)− α
′
2
e−
2φ
ℓ (E2 − P 2) + (q
2
L + q
2
R)
2
+
2
√
2ǫℓqLER
R
+
2ǫ2ℓ2E2R
R2
+
α′
2
P 2φ ,
(4.9)
where qL and qR are defined as
qL =
1√
2
(
nyℓs
Ry
+
myRy
ℓs
)
, (4.10)
qR =
1√
2
(
nyℓs
Ry
− myRy
ℓs
)
. (4.11)
The contribution of the zero modes of the string to the worldsheet momentum p, (4.4), is
∆−∆ = 1
2
(q2R − q2L) + nw, (4.12)
where
P =
n
R
. (4.13)
In this section we discussed the semiclassical quantization of the zero modes in the sigma
model (3.10). To study string theory in this background we need to go beyond the zero
modes, and impose the consistency conditions of string theory on the states, to get the
spectrum of the spacetime theory. This is the topic of the next section, where we study the
worldsheet and spacetime spectrum of string theory on the deformed massless BTZ×S1
background (3.10) exactly.
5. KJ
−
SL deformation III – exact analysis of the spectrum
In this section, we study the spectrum of string theory in the KJ
−
SL deformed massless
BTZ×S1 background (3.10). We start, in subsection 5.1, by reviewing the spectrum of
the undeformed theory, M = J = 0 BTZ, which corresponds to a Ramond ground state of
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the boundary CFT2, following [38]. We also review the relation of the boundary CFT2 to
a symmetric product CFT, following [29,9].
In subsection 5.2, we discuss the J−SLJ
−
SL deformation on the system of the first sub-
section. We rederive some of the results of [7,9,12] from this point of view, and discuss
their relation to the symmetric product theoryMN/SN with a TT deformed blockM. In
particular, we show that the spectrum found in [1,2] agrees with that obtained from the
string theory analysis.
In subsection 5.3, we use the techniques of the previous two subsections to study the
string spectrum in the KJ
−
SL deformed massless BTZ×S1, (3.10). We derive the spectrum
of the theory, and in section 6 compare it to the field theoretic analysis of JT deformed
CFT2 for the symmetric product theory, MN/SN , with a JT deformed block M.
5.1. M = J = 0 BTZ
5.1.1. The spectrum of the worldsheet theory
To analyze the spectrum of the worldsheet sigma model on the massless BTZ back-
ground, it is convenient to use the Wakimoto representation introduced in section 2, and
take the limit φ → ∞, in which the theory becomes free in these variables. In this limit,
the Lagrangian (2.8) takes the form7
LW = β∂γ + β∂γ + Lφ , (5.1)
where
Lφ = ∂φ∂φ−
√
2
k
R̂φ . (5.2)
Comparing to (2.8), note that we replaced the factor k−2 by k, to account for the difference
between the bosonic and fermionic string. In (5.2), k is the total level of the SL(2, IR)
current algebra; it receives a contribution k + 2 from the bosons and −2 from three free
fermions (whose contribution to the Lagrangian we did not write).
Following [38], we bosonize the β − γ system as
γ = iφ−, γ = iφ−,
β = i∂φ+, β = i∂φ+,
(5.3)
7 In this section we take α′ = 2, and choose the periodicity of σ such that no factors of 2π
appear.
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where φ± are given by
φ± =
1√
2
(φ0 ± φ1). (5.4)
The fields φ0 and φ1 are canonically normalized timelike and spacelike scalar fields, re-
spectively,
φµ(z)φν(w) ∼ −ηµν ln(z − w); ηµν = diag(−1, 1); µ, ν = 0, 1. (5.5)
In terms of the fields φ±, (5.4), the Lagrangian (5.1) is given by
L = −∂φ+∂φ− − ∂φ−∂φ+ + Lφ . (5.6)
Vertex operators in the massless BTZ background, correspond to eigenstates of J−SL and
J
−
SL with eigenvalues EL and ER, respectively. In the Wakimoto representation one has
J−SL = β = i∂φ+; J
−
SL = β = i∂φ+. (5.7)
The vertex operators of interest take the form
V = e
√
2
k
j(φ+φ)V wEL,R , (5.8)
where
V wEL,R =e
iwφ++iELφ−eiwφ++iERφ−
=e
iw 1√
2
(φ0+φ1)+i
(E+P )R
2
1√
2
(φ0−φ1)
× eiw 1√2 (φ0+φ1)+i
(E−P )R
2
1√
2
(φ0−φ1),
(5.9)
with (EL, ER) =
R
2 (E + P,E − P ), as in (4.8), and
P =
n
R
. (5.10)
R sets the energy scale in the problem. One can think of it as the radius of compactification
of the geometric coordinate γ1 (3.5).
The quantum number j in (5.8) is related to the momentum in the φ direction. As
discussed earlier in the paper, for the purpose of comparing to the boundary theory we
are mainly interested in states carrying real momentum Pφ, which means that j takes the
form
j = −1
2
+ is, s ∈ IR, (5.11)
with s proportional to Pφ.
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The integer w labels different twisted sectors.8 These sectors are constructed in a way
analogous to [43,28], but here the spectral flow/twist is in the J−SL direction, whereas there
it was in the J3SL direction.
The left and right-moving scaling dimensions of V are
∆ = −wEL − j(j + 1)
k
,
∆ = −wER − j(j + 1)
k
,
∆−∆ = wn.
(5.12)
These equations are the exact versions of the semiclassical results (4.9), (4.12).9 We will
next use them to calculate the spectrum of the spacetime theory.
5.1.2. The spectrum of the spacetime theory
Consider the type II superstring on massless BTZ ×N , which corresponds to a Ra-
mond ground state of the dual CFT2. Let
Vphys = e
−ϕ−ϕVBTZVN (5.13)
be a physical vertex operator of the theory in the (−1,−1) picture, where VBTZ is a vertex
operator in the worldsheet CFT of massless BTZ and VN is the vertex operator in the
CFT on N .
The worldsheet theory on BTZ×N has ten towers of bosonic and fermionic oscillators
(modulu effects that decrease this by an amount of order 1/k). The physical state condi-
tions in string theory eliminate two towers of oscillators. For our purpose it is sufficient10
to consider vertex operators whose BTZ component has the form (5.8), and whose com-
ponent in N has left (right) moving scaling dimension N (N). The left and right scaling
8 One can also think of w as the winding number of the string around the circle on the boundary
of BTZ. This is particularly clear in the semiclassical approach of section 4.
9 The latter also include the contributions from the S1 labeled by y.
10 These are of course not the most general physical vertex operators, since the physical state
condition requires the vertex operators to be N = 1 superconformal primaries in the full theory,
whereas we are considering operators that are separately primary in BTZ and in N , and moreover
ones where all the transverse oscillations of the strings are in N .
15
dimensions ∆ and ∆ of VBTZ for such states are given in (5.12). The on-shell condition
reads:
∆ +N − 1
2
= 0 ,
∆+N − 1
2
= 0 .
(5.14)
Plugging (5.12) into (5.14) leads to the dispersion relations
EL =
1
w
[
−j(j + 1)
k
+N − 1
2
]
,
ER =
1
w
[
−j(j + 1)
k
+N − 1
2
]
;
(5.15)
The states that satisfy (5.15) can be thought of as describing a string that winds w times
around the spatial circle in the BTZ geometry, and is moving with a certain momen-
tum (proportional to s, (5.11)) in the radial direction, in a particular state of transverse
oscillation. Equation (5.15) gives the energy and momentum of such a state.
It was recognized a long time ago [29], that the spectrum (5.15) is the same as that
of a symmetric product CFT,MN/SN , where the blockM is the c = 6k CFT associated
with one string in the BTZ background, and the winding w labels the twisted sectors.
The string state (5.13) corresponds to an operator with dimension hw in the CFTMw/Zw
which, when acting on the Neveu-Schwartz vacuum of this CFT, creates a Ramond sector
state on the cylinder, with energy
EL = hw − kw
4
; ER = hw − kw
4
. (5.16)
Plugging (5.16) into (5.15), we get an equation that can be written as
hw =
h1
w
+
k
4
(
w − 1
w
)
, (5.17)
which gives the dimensions of the operators in the Zw twisted sector, hw, in terms of those
in the sector with w = 1, h1. A similar equation holds for the right-movers. Equation
(5.17) is a well known expression for the dimension of operators in the Zw twisted sector
of a symmetric product CFT2, MN/SN , where the block M has central charge cM = 6k
[44,45].
The qualitative reason to expect a relation between the string spectrum and the
symmetric orbifold is the following. As mentioned above, the states (5.13) can be thought
of as describing strings moving in the radial direction in a particular state of excitation.
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These strings are free (at large N , or small string coupling), and the fact that they can be
described by a symmetric product is very similar to that utilized in matrix string theory
[30,31].
The above picture is heuristic. One can view our discussion of deformations of AdS3
below as providing further evidence for it, since we will be able to match field theoretic
properties of the symmetric product with a deformed block M to the string analysis in
the appropriate deformed backgrounds. We discuss these backgrounds in the next two
subsections.
5.2. J−SLJ
−
SL deformed massless BTZ
According to the discussion of the last subsection, fundamental string excitations
of the massless BTZ background are described exactly by the symmetric product CFT
MN/SN , where N is the number of strings, andM the CFT describing one string in this
background. One of the interesting aspects of this picture is that, if it is correct, then
the deformation by J−SLJ
−
SL corresponds to deforming the symmetric product toMNt /SN ,
where Mt is the CFT M deformed by the tTT deformation of [1,2]. Thus, one expects
the string theory analysis of the spectrum to yield in this case the same results as that of
the spectrum of TT deformed CFT in the above papers.
The fact that this is the case was shown in [9], however, there it was done indirectly,
by working in the Neveu-Schwartz vacuum of the boundary theory and arguing that some
results should carry over to the Ramond vacuum. In this subsection we will use the
techniques reviewed in the previous one to do the calculation directly in the Ramond
sector.
5.2.1. The spectrum of the worldsheet theory
As discussed in [7], in the Wakimoto representation, the J−SLJ
−
SL deformation of the
sigma model on AdS3 takes the form (at large φ)
L = β∂γ + β∂γ − λββ + Lφ = −∂φ+∂φ− − ∂φ−∂φ+ + λ∂φ+∂φ+ + Lφ , (5.18)
where we used equations (5.1)–(5.7). Following [7], we will refer to the deformed back-
ground asM3.
As we see in (5.18), the deformation acts on the two dimensional space labeled by
(φ+, φ−) by changing the metric Gµν from ηµν , (5.5), to
G =
(
λ −1
−1 0
)
, (5.19)
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where we work in the (+,−) basis rather than (0, 1) as in (5.5).
The spectrum of a theory with a general constant metric, such as (5.19), is a familiar
problem in string theory, in the context of toroidal compactifications, where it gives rise
to the Narain moduli space. The slight novelty here is that the deformation involves time,
but we can still use techniques developed in the Narain context, and we will do that below.
After the deformation, the scaling dimensions of the vertex operators (5.8), (5.9),
which become operators in the sigma model onM3, are given by
∆ =
PLP
t
L
2
− j(j + 1)
k
,
∆ =
PRP
t
R
2
− j(j + 1)
k
,
(5.20)
where 11
PL =
(
nt +mt(B −G)) e∗,
PR =
(
nt +mt(B +G)
)
e∗,
e∗(e∗)t =
1
2
G−1,
(5.21)
with 12
nt = (n+, n−) =
1√
2
(2w, ER) ,
mt = (m+, m−) =
1√
2
(PR, 0) .
(5.22)
Substituting (5.21) and (5.22) in (5.20), we get that operators of the form (5.8) in M3
have left and right scaling dimensions
∆ = −wEL − λR
2
8
(
E2 − P 2)− j(j + 1)
k
,
∆ = −wER − λR
2
8
(
E2 − P 2)− j(j + 1)
k
,
∆−∆ = wn,
(5.23)
with EL,R given in terms of the energy and momentum E, P and the radius R in (4.8).
This equation generalizes (5.12) to λ 6= 0.
11 See e.g. the review [46], around (2.4.12) (with L↔ R). The antisymmetric background B is
zero in the present example; we keep it for the case considered in the next subsection.
12 The light-cone momentum is (n+, n−) =
1√
2
(n0+n1, n0−n1), and similarly for the light-cone
winding m.
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5.2.2. The spectrum of the spacetime theory
We can use the results of 5.2.1 to calculate the spectrum of the spacetime theory, as
we did in the undeformed, λ = 0, case above. Using the mass-shell condition (5.14), we
find the dispersion relation
hw − kw
4
=EL +
λR2
8w
(
E2 − P 2) ,
hw − kw
4
=ER +
λR2
8w
(
E2 − P 2) ,
hw − hw =n.
(5.24)
where hw, hw are properties of the undeformed theory (e.g., they can be obtained by setting
λ = 0 in (5.24), and using the dispersion relations of the undeformed theory, (5.15)).
It is interesting to compare the spectrum (5.24) to the field theory analysis of [1,2].
It is easy to see that the two agree, if we take the boundary CFT2 to be the symmetric
product MN/SN , interpret the deformation (5.18) to be the TT deformation in M, and
take the coupling λ in the string theory problem to be related to the TT coupling, t, via
t =
π
2
λR2. (5.25)
For w = 1, the spectrum (5.24) is just that of [1,2] for the deformed block M, Mt. For
w > 1, it is that of the Zw twisted sector of the symmetric product MNt /SN [9].
5.3. KJ
−
SL deformed massless BTZ×S1
We are now ready to discuss the problem of interest in this paper, the single trace
deformation introduced in section 3. We repeat the steps of the previous two subsections
to compute the spectrum, and then, in section 6, compare to the field theory analysis.
5.3.1. The spectrum of the worldsheet theory
The deformed SL(2, IR)× U(1) sigma model Lagrangian (3.7) in Wakimoto variables
is given by13
LW = β∂γ + β∂γ + ∂y∂y − 2λKJ− + Lφ , (5.26)
13 In this subsection we set the radius of the y circle to the self-dual radius, Ry/ℓs = 1, for
simplicity. The coupling λ is proportional to ǫ in (3.7).
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where Lφ is given in (5.2), and the right-moving SL(2, IR) current J−SL is given in (5.7).
The left-moving U(1) current K is given by (3.1), where y is a canonically normalized
scalar,
y(z)y(w) ∼ − ln |z − w|2 . (5.27)
In terms of the fields φ±, defined in (5.3)–(5.5), and y, the worldsheet Lagrangian at large
φ takes the form
L = −∂φ+∂φ− − ∂φ−∂φ+ + ∂y∂y + 2λ∂y∂φ+ + Lφ . (5.28)
This background involves a non-trivial metric and B-field background in the three dimen-
sional spacetime labeled by (φ+, φ−, y),
G =
 0 −1 λ−1 0 0
λ 0 1
 , B =
 0 0 −λ0 0 0
λ 0 0
 . (5.29)
The analogs of (5.8), (5.9) for this case are vertex operators in the deformed massless
BTZ×S1 background, which take the form
V = e
√
2
k
j(φ+φ)V wEL,R;qL,R , (5.30)
where
V wEL,R;qL,R =e
iwφ++iELφ−+iqLyeiwφ++iERφ−+iqRy
=e
iw 1√
2
(φ0+φ1)+i
(E+P )R
2
1√
2
(φ0−φ1)+i 1√
2
(ny−my)y
× eiw 1√2 (φ0+φ1)+i
(E−P )R
2
1√
2
(φ0−φ1)+i 1√2 (ny+my)y,
(5.31)
with (EL, ER) =
R
2 (E + P,E − P ), as before, and
qL =
1√
2
(ny −my), qR = 1√
2
(ny +my), P =
n
R
, (5.32)
where n, ny, my ∈ Z.
Using standard techniques, the left and right-moving scaling dimensions of V are given
by eqs. (5.20), (5.21), with 14
nt = (n+, n−, ny) =
1√
2
(
2w, ER,
√
2ny
)
,
mt = (m+, m−, my) =
1√
2
(
PR, 0,
√
2my
)
.
(5.33)
14 Recall that the light-cone momentum is (n+, n−) =
1√
2
(n0 + n1, n0 − n1), and similarly for
the light-cone winding m.
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Substituting (5.21) and (5.33) in (5.20), we get
∆ = −wEL + 1
2
(qL + λER)
2 − j(j + 1)
k
,
∆ = −wER + λqLER + 1
2
λ2E2R +
q2R
2
− j(j + 1)
k
,
∆−∆ = 1
2
(q2R − q2L) + wn.
(5.34)
Comparing (5.34) to (4.9), (4.12) in the limit φ→∞, we see that the two are identical,
if we identify
λ =
√
2ǫℓs
R
, (5.35)
and s (5.11) given by s = ℓPφ/
√
2, where ℓ is given in (3.9).
The spectrum of strings, in the sector with w = 0, on warped AdS3 × S3 of the type
(3.8), was found (using different methods) in [42]; their results are in harmony with (5.34).
5.3.2. The spectrum of the spacetime theory
Consider the type II superstring on massless BTZ × S1 ×N and let
Vphys = e
−ϕe−ϕVBTZ×S1VN (5.36)
be a physical vertex operator of the theory in the (−1,−1) picture, where VBTZ×S1 is a
vertex operator in the CFT on massless BTZ × S1 of the sort studied in (5.30), (5.31),
and VN is the vertex operator in the CFT on N .
The scaling dimensions of the operator VBTZ×S1 in the λ deformed massless BTZ×S1
are given in (5.34). The mass-shell condition for (5.36) takes again the form (5.14), where
N , N are the left and right-moving scaling dimensions of VN .
For λ = 0, this equation takes the form
hw − kw
4
=
1
w
[
−j(j + 1)
k
+
q2L
2
+N − 1
2
]
,
hw − kw
4
=
1
w
[
−j(j + 1)
k
+
q2R
2
+N − 1
2
]
.
(5.37)
For general λ, one has
hw − kw
4
=EL − λ
w
qLER − λ
2
2w
E2R,
hw − kw
4
=ER − λ
w
qLER − λ
2
2w
E2R,
hw − hw =n.
(5.38)
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Note that on the first two lines of (5.38) the l.h.s. is independent of λ, while on the r.h.s.
one in general has λ dependence from EL, ER.
To understand the physical content of (5.38), it is convenient to rewrite it as follows.
Consider first the case w = 1, corresponding to a string with winding one. From the
discussion in earlier subsections, in this sector we expect to see the spectrum of a JT
deformed CFT2 with central charge c = 6k (before the deformation).
In this sector, one can write (5.38) as follows:
h1 − c
24
− 1
2
q2L =EL(λ)−
1
2
(qL(λ))
2,
EL − ER =n,
(5.39)
where c = 6k, and
qL(λ) = qL + λER(λ). (5.40)
We see that the spectrum is completely determined by the following requirements:
(1) The quantity EL(λ)− 12 (qL(λ))2 is independent of λ.
(2) The charge qL flows according to (5.40).
(3) For all λ, EL and ER differ by the second line of (5.39).
(4) At λ = 0 one has qL(0) = qL, EL(0) = h1 − c24 , ER(0) = h1 − c24 .
In the next section we will see that the field theory (1.1) gives the same spectrum, with
µ = 2λR.
For w > 1, the spectrum (5.38) is compatible with that of a Zw twisted sector of the
symmetric product MN/SN , where the block M is deformed as described above [9].
6. Field theory analysis
In this section we discuss the theory (1.1) from a field theoretic perspective. We start
with a few simple observations about the undeformed CFT2, obtained by setting µ = 0.
Since the theory has a conserved left-moving U(1) current J(x), we can write its
left-moving stress tensor as15
T (x) =
1
2
J2 + Tcoset(x). (6.1)
The first term is the Sugawara stress-tensor associated with the abelian current J(x); it
is sensitive to states charged under J , and current algebra descendants of all primaries
15 We take J(x) to be canonically normalized, i.e. 〈J(x)J(0)〉 = 1/x2.
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(including uncharged ones). The second term is the stress tensor of the rest of the theory.
In particular, Tcoset commutes with J (their OPE is regular).
As we discuss below, when studying the deformed theory (1.1), it is important to take
into account contact terms between operators in the undeformed theory (as in [47]). In
particular, we will need the contact term between J(x) and T (y). Dimensional analysis
says that there are two possible contributions. One is
J(x)T (y) = c1∂xδ
2(x− y). (6.2)
Such terms appear, for example, in the theory of a scalar field Φ whose stress tensor has
an improvement term (as in Liouville theory). In that case one has
J(x) = i∂Φ; T = −1
2
(
∂Φ
)2 −Q∂2Φ, (6.3)
and c1 (6.2) is proportional to the slope of the dilaton, Q. In this case, the charge associated
with J(x) is not conserved (see e.g. [48]). We will assume that the charge is conserved,
and thus not discuss this case here (i.e. we will set c1 = 0 below).
The second contact term we may write is
J(x)T (y) = c2J(x)δ
2(x− y), (6.4)
where J is a right-moving current. Of course, in order for (6.4) to make sense, such a
current needs to exist in the theory, but this is often the case. For example, this is the
case in the examples discussed in appendix A, where in general there are multiple J ’s.
The simplest of those examples is the theory (6.3) with Q = 0 (the theory of a single
scalar field), where J = i∂Φ. This is also often the case in examples associated with the
AdS/CFT correspondence.
As discussed in [47], the value of contact terms such as c2 in (6.4) is not an invariant
property of the CFT. Rather, they correspond to a choice of coordinates on the space of
theories. In the specific case of interest here, when currents such as J in (6.4) are present,
the space of theories is parametrized in addition to the coupling µ (1.1) by the value of the
coupling of the marginal operator JJ , which labels the position on a conformal manifold.
What for one choice of contact terms (6.4) corresponds purely to turning on µ, for another
might correspond to a more complicated trajectory in the space of µ and the moduli.
We would next like to understand the fate of the holomorphic current J(x) and stress
tensor T (x) in the theory (1.1) to leading non-trivial order in µ. We will set the contact
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terms c1, c2 in the undeformed theory to zero, for simplicity. As discussed above and in
appendix A, this corresponds to a choice of coordinates on theory space.
Using the standard OPE’s of currents and stress-tensors,
J(x)J(y) ∼ 1
(x− y)2 ,
T (x)J(y) ∼ J(y)
(x− y)2 +
∂yJ(y)
x− y = ∂y
(
J(y)
x− y
)
,
T (x)T (y) ∼ c/2
(x− y)4 +
2T (y)
(x− y)2 +
∂yT
x− y ,
(6.5)
and the relation
∂x
1
x− y = πδ
2(x− y), (6.6)
we find to order µ
∂J =πµ∂T ,
∂T =πµJ∂T,
∂T =πµ
[ c
12
∂
3
J + 2∂(JT )− J∂T
]
.
(6.7)
The order µ contributions to ∂J , ∂T are proportional to ∂T , which vanishes in the unde-
formed theory. Thus ∂J , ∂T vanish to this order. The third equation becomes, at order
µ,
∂T = πµJ∂T . (6.8)
We can think of this as the equation
∂T = ∂Θ , with Θ = πµJT . (6.9)
This is the familiar fact that adding to the Lagrangian a term that breaks conformal
invariance, leads to a non-zero trace of the stress-tensor, proportional to the product of
the β function and the perturbing operator.
The leading non-vanishing contribution to ∂J , ∂T is of order µ2. It is obtained by
substituting (6.8) into (6.7). Using (6.9) we find the modified equations
∂
(
J − (πµ)2JT ) =0,
∂
(
T − (πµJ)2T ) =0. (6.10)
Thus, we see that we can modify the original current J and stress tensor T to
J(µ) =J − (πµ)2JT +O(µ3),
T (µ) =T − (πµJ)2T +O(µ3),
(6.11)
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such that the modified currents remain holomorphic to order µ2. Moreover, we see that
Tcoset = T (µ)− 1
2
J(µ)2 (6.12)
is independent of µ to this order.
We now come to the main point of this section. We believe that one can define the
theory (1.1) in such a way that it satisfies the following properties for all µ:
(1) The (xx) component of the stress tensor, Txx = T , remains holomorphic, ∂T (x;µ) = 0.
(2) The current J(x;µ) remains holomorphic, ∂J(x;µ) = 0.
(3) Tcoset, defined as in (6.12), is independent of µ.
There are a number of motivations for the requirements (1)-(3). The first is that we just
showed that they are valid to order µ2. The second is the calculation in appendix A, that
shows that they are satisfied classically for a particular class of examples. The third is that
(1) and (2) are valid in the string theory analysis of the previous sections (see appendix
B), and we will demonstrate shortly that adding (3) leads to the same spectrum as that
obtained there.
Condition (3) has an additional motivation that comes from known results in two
dimensional gauge theory (see e.g. [49]). One can heuristically think of the original CFT
before the deformation (1.1) as a product of three sectors: the left-moving current sector
with stress-tensor TJ =
1
2J
2, the left-moving coset sector with stress tensor Tcoset, (6.1),
and the right-moving sector with stress-tensor T . Of course, this is not a direct product,
which amounts to the statement that one can write all operators in the CFT as linear
combinations of operators that are products of contributions from the three sectors, but
the quantum numbers of the different contributions are correlated.
The perturbation (1.1), thought of correctly, mixes the current sector with the right-
moving sector, but does not act on the coset. Hence, it is natural to expect that the stress-
tensor of the coset, (6.12), is independent of µ. As mentioned above and in appendix A,
when the original theory has a conformal manifold, moving around this manifold in general
mixes the current sector and the coset, and in order for condition (3) to be correct one has
to fine tune the RG trajectory in such a way that this does not happen.
If the theory (1.1) satisfies conditions (1)–(3), we can compute its spectrum on the
cylinder as follow. The fact that Tcoset is independent of µ means that in an eigenstate of
energy, momentum and charge, |n〉, we have
〈n|Tcoset|n〉 = independent of µ, (6.13)
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where we assumed that 〈n|n〉 = 1. Plugging (6.12) into (6.13), we find a relation between
the energy, momentum and charge of the state:
REL − 1
2
Q2 = independent of µ. (6.14)
Here Q is the charge of the state |n〉, and EL is its left-moving energy
EL =
1
2
(E + P ) =
EL
R
. (6.15)
The second equality relates EL to the quantity EL that appears naturally in the string
theory analysis in sections 4,5. Note also that in (6.14) the two terms separately depend
on µ, but the difference does not.
Equation (6.14) implies a differential equation,
R∂µE
R = Q∂µQ, (6.16)
which was obtained by differentiating (6.14) w.r.t. µ and using the fact that ∂µE
L = ∂µE
R,
which follows from the fact that EL and ER differ by P , which is quantized in units of
1/R, and in particular does not depend on µ.
A second differential equation for ER is the one obtained in [11],
∂µE
R = −1
2
Q∂RE
R. (6.17)
Using the fact that the dimensionless quantities RER and Q depend on µ and R only via
the combination µ/R, we find that the charge Q depends on µ as follows:
Q(µ) = Q(0) +
1
2
µER(µ). (6.18)
Equations (6.14) and (6.18) are precisely what we got from the string theory analysis,
(5.39), (5.40), in a way that looks quite different, at least superficially.
The spectrum of the theory studied in this section was previously discussed by Guica
[11]. Our result for the spectrum is different. The origin of the difference is that in [11] it
was assumed that the charge Q that appears in eq. (6.17) (which is eq. (2.23) in [11]) is
independent of µ, i.e. it is equal to what we called in (6.18) Q(0). This leads to an energy
formula of the form (2.28) in [11], which in our notation has the form
RER − 1
2
µQ(0)ER = independent of µ. (6.19)
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Our result is obtained by substituting (6.18) into (6.14) (and replacing EL by ER, which
is OK since the difference between the two is independent of µ), which yields
RER − 1
2
µQ(0)ER − 1
8
(
µER
)2
= independent of µ. (6.20)
The extra term in (6.20) has a dramatic effect; in particular, it implies that states with
sufficiently high energies have the property that their energies become complex when we
turn on the interaction. For example, consider states with Q(0) = 0. If their initial
right-moving energy, ER0 , is in the range
ER0 >
2R
µ2
, (6.21)
their energy according to (6.20) is complex. It is natural to take the dimensionless param-
eter µ/R (which can be thought of as the size of the coupling µ at the scale R) to be small,
since in this regime the Kaluza-Klein scale 1/R is much lower than the scale 1/µ at which
the coupling (1.1) become strong. Thus, there is a large range of energies, 1
R
≪ E ≪ 1
µ
,
for which the theory is already two dimensional (E ≫ 1/R), but the effective coupling at
that energy, Eµ, is still small.
In the regime µ≪ R, the maximal energy (6.21) is very large, ER0,max = 2R/µ2 ≫ 1/µ,
and states that are above this bound are highly excited in the original theory (i.e. they
satisfy RER0 ≫ 1). Thus, while the total number of stable states in the deformed theory
is finite, it is very large in this limit.
Another difference between the results for the spectrum (6.19) and (6.20) is that for
states that are initially uncharged, Q(0) = 0, the former implies that their energies do not
depend on µ, while the latter says that they do, and in fact, as discussed above, can even
become complex.
7. Discussion
In this paper we discussed JT deformed CFT2 (1.1) using a combination of field
and string theoretic techniques. We argued that one can define the theory in such a way
that the left-moving Virasoro symmetry and U(1) affine Lie algebra generated by T and
J , respectively, are preserved throughout the RG flows, while the right-moving Virasoro
symmetry is broken to translations of x.
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We computed the spectrum of the resulting theory, and showed that the field and
string theoretic calculations agree. An important part in this agreement was played by the
observation that excitations of the Ramond vacuum of the CFT dual to string theory on
AdS3 can be described as Ramond sector states in a symmetric product theory,MN/SN ,
and the deformation (2.13) of that string theory corresponds to a JT deformation of the
block M.
The agreement of the resulting spectra, as well as the analogous agreement for TT
deformations discussed in [9] and in section 5 of this paper, provide further support to the
above relation between Ramond sector states in the symmetric product CFT2, MN/SN ,
and excitations of the dual massless BTZ string vacuum.
There are many natural avenues for further work on the theories discussed in this
paper. One of the interesting features of the spectrum we found is that when we turn on
the deformation (1.1), states whose energies are above a certain value become unstable
(i.e. their energies develop an imaginary part). For states in the initial theory that are
uncharged under the U(1) current (1.1), the upper bound is given in (6.21). For general
initial charge, Q(0), it is
RER0,max =
1
2
(
2R
µ
−Q(0)
)2
. (7.1)
It would be interesting to understand the origin of this phenomenon in field theory and in
string theory.
In string theory, this phenomenon is reminiscent of what happens for the TT deforma-
tion with “the wrong sign” of the deformation parameter. For this sign, the authors of [1]
say that the theory does not have a vacuum, while those of [2] show that if the undeformed
CFT2 is the free field theory of n scalar fields, the deformed theory is described by the
Nambu-Goto action with negative tension. In the string theory description of [7,9,12,22]
one finds in that case a background with a singularity separating the UV and IR regions
of the geometry.
For TT deformations that correspond to double trace operators, it was argued in
[6,14,16], that the deformation corresponds to placing a physical UV cutoff in AdS3. The
energetics of TT deformed CFT discussed in [1,2] was interpreted in terms of properties
of black holes in the resulting geometry. The existence of a maximal energy corresponds
in AdS to the fact that there is a maximal size black hole that fits in the cutoff AdS
spacetime.
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In the background discussed in this paper, (3.7), the geometry is non-singular, but the
spectrum has similar features to those of wrong sign TT . We expect that the interpretation
in terms of black holes is similar – such black holes should have a maximal size, and the
upper bound on the energy (7.1) should be related to that maximal size. It would be
interesting to understand these black holes better.
It would also be interesting to study the entanglement entropy (EE) of the theories
discussed in this paper, following the recent discussion of the TT deformation case [22].
Both in AdS3 and in M3, the EE exhibits dependence on the UV cutoff. This is related
to the infinite number of states of these theories. It is possible that the finite number of
states in the geometry (3.7) leads to a finite answer for the EE; it would be interesting to
see if that is indeed the case.
Our background, whose spacetime dual has a left-moving conformal and affine U(1)
symmetry, is a particularly tractable example of warped AdS3 backgrounds, that ap-
pear e.g. in the context of the so called Kerr/CFT correspondence and its extensions,
3d Schrodinger spacetimes and dipole backgrounds (see e.g. [50,51] and references therein
for reviews). The properties of string theory on the KJ
−
SL deformed AdS3 × S1, studied
in this paper, may shed light on some of the physics of the other cases as well. Moreover,
it may be of relevance to other backgrounds in quantum gravity with a finite number of
states, such as de Sitter spacetime, as well as to more general time dependent and/or
singular backgrounds, such as the ones discussed in [52-54].
The string theory approach to TT and JT deformations suggests that there is a more
general set of theories that may enjoy many of the good properties of the two special
theories above. In particular, when the CFT2 dual to AdS3 has conserved currents such
as J(x), J(x), as well as the conserved, traceless stress tensor, one can turn on general
linear combinations of operators of the form JJ , JT , TJ , TT , etc, and study the theory
as a function of the couplings of all these operators.
From the worldsheet point of view, this corresponds to studying the Narain moduli
space of truly marginal perturbations that involve left-moving worldsheet currents such
as K(z), J−SL(z), and right-moving currents K(z), J
−
SL(z). The spectrum for a general
theory in this class appears in section 5. For any background G,B that corresponds to
a specific combination of JJ , JT , TJ and TT in the dual deformed CFT2, one can use
eqs. (5.20), (5.21), and the holographic dictionary, to find the spectrum of the spacetime
theory. Thus, the string theory analysis in this paper gives a prediction for the spectrum
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of the corresponding deformed field theory. It would be interesting to verify it from the
field theory point of view.
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Appendix A. The JT deformation for scalar fields
In this appendix we will consider the case where the original CFT2, before the defor-
mation (1.1), is a single free field Φ(x, x), with the standard Lagrangian
L = 1
4π
∂Φ∂Φ. (A.1)
This theory has conserved left and right-moving affine Lie algebras generated by
J(x) = i∂Φ; J(x) = i∂Φ. (A.2)
The currents J and J are canonically normalized, i.e. 〈J(x)J(y)〉 = 1/(x−y)2, and similarly
for J . The left-moving Virasoro generator can be written in the Sugawara form
T (x) =
1
2
J2 = −1
2
(∂Φ)
2
, (A.3)
and similarly for T .
Adding the perturbation (1.1) to first order in µ corresponds to adding to the La-
grangian (A.1) the term
Lint = λ
4π
∂Φ
(
∂Φ
)2
; λ = −2iπµ. (A.4)
In the presence of the perturbation (A.4), we expect the form of the stress-tensor and
current to change, and we have to add higher order terms to the Lagrangian to take this
change into account. For the case of the TT deformation, this was done in [2], and for
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JT it was done in [11] with slightly different requirements than we will impose. We next
mimic their calculations for our case.
To do that, we proceed as follows. The symmetries of the problem suggest that the
Lagrangian of the deformed theory takes the form
L = 1
4π
∂Φ∂ΦF(λ∂Φ), (A.5)
where λ is given in (A.4), and F(z) is a function of one variable that satisfies F(0) =
F ′(0) = 1. Our task is to determine this function using two constraints. One is the
demand that changing the coupling µ in (1.1) corresponds to an insertion of the operator
JT ,
∂µL = J(x;λ)T (x;λ). (A.6)
The second is that the (xx) component of the stress tensor, Txx = T , can be written in
the Sugawara form
T =
1
2
J2. (A.7)
Here J is a holomorphic current, whose form is also to be determined.
To solve these constraints, we compute the stress tensor using the Noether procedure,
Tµν = −2π
{
δL
δ(∂µΦ)
∂νΦ− gµνL
}
, (A.8)
where gxx = gxx = 0, gxx = gxx = 1, and L = 18pi gµν∂µΦ∂νΦF(λ∂Φ). This gives
T (x;λ) = Txx = −1
2
(∂Φ)2
(F + λ∂ΦF ′) ,
T (x;λ) = Txx = −1
2
(∂Φ)2F ,
Txx = −λ
2
∂Φ(∂Φ)2F ′,
Txx = 0,
(A.9)
where F ′ = ∂zF(z) is the derivative of F w.r.t. its argument. The Euler-Lagrange
equation,
∂∂Φ
(F + λ∂ΦF ′)+ λ∂Φ∂2ΦF ′ + λ2
2
∂Φ∂Φ∂
2
ΦF ′′ = 0, (A.10)
is equivalent in this case to holomorphy of the stress-tensor ∂T = 0. Note that this is true
for any F .
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Equations (A.6), (A.9) give in this case an expression for the current J(x),
J(x;λ) = i∂Φ
F ′
F . (A.11)
Furthermore, comparing the first line of (A.9) with (A.7) and (A.11), we get a differential
equation for F(z):
F + zF ′ = −
(F ′
F
)2
. (A.12)
Together with the boundary condition F(0) = F ′(0) = 1, the solution is uniquely fixed to
be
F(z) = 1
1− z . (A.13)
Thus, we see that in the classical theory, the requirements:
(1) For all points in the space of field theories labeled by µ we have a holomorphic current
J(x) and a holomorphic stress-tensor T (x);
(2) Infinitesimal change of µ corresponds to the perturbation JT at the point µ, see (A.6);
(3) The holomorphic stress-tensor T can be written in the Sugawara form (A.7),
can indeed be satisfied, as expected from the discussion in the text of this paper. Of course,
in section 6 we assumed that these requirements are satisfied in the quantum theory as
well. The arguments of this appendix are not sufficient to establish that, but we expect
this to be true, given the additional evidence described in the text.
In the example discussed here, the coset discussed in the text was empty, i.e. Tcoset = 0.
We could generate a non-trivial coset theory by starting with N > 1 free scalar fields Φi,
and taking the current J(x) to be a particular left-moving translation current in the N
dimensional space,
J(x) = i~a · ∂~Φ, (A.14)
for some ~a. We will not describe the analysis of this case in detail here, but will point out
an interesting subtlety in this analysis. Before we turn on the irrelevant deformation (1.1),
this model has an N2 dimensional (Narain) conformal manifold labeled by the coefficients
in the Lagrangian of the marginal operators ∂Φi∂Φj . Turning on µ leads to a complex
pattern of flows in which both µ and the moduli are changing with the scale.
In the field theory analysis this may lead one to think that the structure of the coset
depends on µ, in contrast with the claims in the text of this paper. However, this is not the
case. The precise statement in theories where the original CFT2 before the deformation
(1.1) has a conformal manifold, is that there exist trajectories in the multi dimensional
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theory space labeled by the moduli and µ in which the statement that correlation functions
of Tcoset are independent of µ is correct.
For example, in the case of multiple scalar fields discussed here, if one fermionized the
scalar fields to N complex left and right-moving fermions, the statement would be correct.
The difference between the bosonic and fermionic descriptions of the original CFT is in
the values of contact terms, and the fact that turning on µ in one description corresponds
to a complicated trajectory in the space of marginal couplings and µ in the other. The
relation between contact terms and reparametrization of theory space is familiar from [47].
We will leave a more detailed discussion of these issues to another paper.
Appendix B. Symmetries of KJ
−
SL deformed AdS3 × S1
Before deforming the worldsheet theory on AdS3 × S1 by KJ−SL, string theory in this
background has conserved holomorphic currents T (x), J(x), as well as an anti-holomorphic
current T (x) [27]. A natural question is what part of this symmetry is preserved by the
deformation. We will leave a detailed discussion of this question to future work, but there
are a few simple things that can be said already at the level of the Wakimoto representation
(5.26).
Consider first the stress tensor T (x), or equivalently the Virasoro generators Ln ob-
tained from T (x) by expanding it in modes, T (x) =
∑
n Lnx
−n−2. The expressions for
the Ln in the Wakimoto representation were given in [26], see eqs. (2.36), (3.5). These
charges commute with the deformation KJ
−
SL, hence, they are not broken by the pertur-
bation. Thus, one concludes that the deformed theory still has a conserved holomorophic
stress-tensor T (x).
Of course, just like in the original AdS background, the Wakimoto analysis is only
valid at large φ, and in order to convince oneself that there is indeed a holomorphic stress
tensor, one needs to do the analog of [27] for the deformed theory. We will leave this to
future work.
We next turn to the U(1) current J(x), which is conserved and holomorphic in the
undeformed theory. It is natural to ask whether it remain so after the deformation. As
discussed above, this spacetime current is associated with the worldsheet current K(z)
(see (2.11)). It is well known that for worldsheet deformations of the form J1(z)J2(z),
both currents remain conserved and (anti) holomorphic in the deformed theory. Thus,
in our case, in the presence of the deformation KJ
−
SL, K(z) remains holomorphic on the
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worldsheet. Hence, the corresponding charge, Q =
∮
dzK(z), remains conserved. The
presence of the spacetime Virasoro generators then implies that the other modes of the
current J(x), defined via the expansion J(x) =
∑
nQnx
−n−1, are conserved as well. Again,
a more precise treatment would involving generalizing the construction of [27] to this case.
The authors of [42] used the definition of Virasoro generators as graviton vertex oper-
ators corresponding to Brown-Henneaux diffeomorphisms parametrized by the left-moving
energy, EL, which according to [55] is equivalent to that of [27], to show that T (EL) satisfy
the Virasoro algebra, where T (EL) is the Fourier transform of T (x), (2.9). They argued
that this means that the left-moving conformal symmetry in spacetime is unaffected by
the deformation.
The authors of [19] argued that the right-moving U(1) associated with translations of
γ might be enhanced to a non-local Virasoro algebra, whose status in the quantum theory
is unclear.
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